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1. INTRODUCTION 
Let T,(Z) be the nth polynomial of the first kind, then as is well known, one has 
T,(x) = cosn~; x = cosd; 5 E [-l,l]. 
If a real constant C is considered such that ICI < 1, then the polynomial T,(s) + C has exactly n 
distinct zeros { ~j)jn_~ which lie on [-1, l]. Setting a E [0,2n] so that COSQ = -C, one can write 
1.1 xk = cos(F), Ic=0,1,..., n-l. 
In what follows, we shall be concerned with quadrature formulas of the type 
n 
with nodes {~j}y=, given by (l.l), in order to estimate integrals 
IW = ~ I 1 f(x)dx -1 G 2’ (1.3) 
Thus, in Section 2, we shall prove that the nodes {xj},“=, are the zeros of T,(x) + C for a 
certain constant C( ICI < 1) if and only if, the corresponding quadrature formula (1.2) is of the 
interpolatory type. Finally, in Section 3, a family of quadrature formulas containing the well- 
known Gauss-Chebyshev and Chebyshev-Lobatto formulas will be studied and the existence of a 
formula with maximum precision degree proved. 
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2. INTERPOLATORY QUADRATURE FORMULAS 
In order to make the paper self-contained, it will be convenient to recall that for a given 
weighted integral 
I 
b 
Iwtf) = f(X) 4X) dX (2.1) 
and n distinct nodes {xj}, a unique formula (T.2) exists so that In(f) ’ 1s valid in l-I,_,, that is, 
A(P) = L{(P) for any P E n,-,. In general, for any nonnegative integer Ic, n, will denote the 
space of the polynomial of degree at most k. Furthermore, it holds (see [l]) 
In(f) = 2 Aj f(xj) = L’tpn), (2.2) 
j=l 
where P, E n is the polynomial interpolating f(x) at the nodes {xj}, j = 1,2,. . . , n. Therefore, 
n-1 
for the weights Aj in (2.2) one can write 
I 
b 
Aj = Lj(x)w(z)da; Lj E ~~-1 such that Lj(xk) = Sj, = 0, 
ifj # k, 
a 
1 (2.3) 
3 ifj = k. 
In this case, formula (2.2) is said to be of the interpolatory type. Henceforth, we shall restrict 
our attention to the weight function W(X) = l/F x2 and, for the sake of simplicity, we shall 
write I(j) instead of I,,,(f). W e h ave first the following proposition. 
PROPOSITION 1. Let {zj} be the zeros of T,(x) + C and In(f) = 2 Aj f(xj) the corresponding 
interpolatory quadrature formula, then j=l 
Aj = 1, j=1,2 )...) n. 
n 
PROOF. From (2.3), Aj = I{Lj} = JJ, L’ (x) -dx (j = 1,2,. . . , n) Making use of the nth 
JcTT 
Gauss-Chebyshev formula (see [l]) and since L, E n,_,, it holds: 
A, = i &j(Js), 
k=l 
where & < & < . . < In are the zeros of T,(x). On the other hand, 
Lj(X) = 
T,(X) + c 
(X - Xj)TA(Xj) ’ 
j = 1,2 ,..., 72, 
which yields 
L#-k) = 
(6k - xsTA(xj)' 
1 5 j, k < n. 
Furthermore, 
$$$=e&, hence, z=c+, j=1,2 ,..., n, 
n j=l 3 k=l ‘3 
and we can write 
and the proof follows. 
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REMARK 1. The above result is even valid for C such that ICI 2 1. In this case, not all {zj} are 
necessarily real and are out of the interval [-1, l] (see [2]). 
Next, a reciprocal result will be stated. Namely: 
PROPOSITION 2. Let In(f) = Cj”=, A,f(xj) b e an interpolatory quadrature formula such that 
Al=A2=... = A, = E, then the nodes {zj} are the zeros of Tn(lc) + C for some appropriate 
constant C. 
PROOF. Let Qn(x) = (x - xi). . . (x - z,) be the nodal polynomial. Set 
&n(x) = xn + alxn-’ +. . . + a,-1x + a,, 
anddefineforj=1,2,... 
k=l 
By virtue of the Newton’s Identities (see [I]), t i can be readily seen that the coefficients {+}y=i 
(P = 1,2,..., ) n are uniquely determined by means of Si, Sz, . . , S,. In order to display the 
dependence of Sj on the nodes {zj} (or equivalently on Qn), we shall write Sj(Q,). Since In(f) 
is of the interpolatory type, one has 
S, C&n) = ; I 
1 
XJ 
2 dx; 
-1 G 
l<j<n-1. 
Setting T,(x) = 2n_1, ‘,(‘) it holds 
Sj (Qn) = S, (fn), l<j<n-1. (2.4) 
Thus, by writing F,(Z) = xn + /3ixnW1 + ... + &-ix + on, from (2.4) it results: cyj = ,i33; 
j = 1,2 ,..., n-l. Therefore, 
&n(x) -%4x, = an - Pn = G I 
3. SOME PARTICULAR CASES 
In this section, we shall consider a family of quadrature formulas depending on a parameter C 
which provides some illustrative examples. 
Indeed, for any C such that IC/ < 1, let x:); j = 1,2,. . . , n be the zeros of T,(x) + C and 
9;‘:’ the zeros of T, - C. If we define zj = xi”’ and z,+j = yj”‘; j = 1,2,. . . ,n then ~1 # zk if 
1 # k (0 < ICI < 1). Let us now consider the corresponding interpolatory formula based on 
these 2n zeros {.z~} which will be denoted by 
Then, one has 
As for the nodal polynomial Qzn(x) = E (Z - zj), it holds (see [3]) 
j=l 
Qsn(x) = Xn(Tn + C)(Tn - C) = +(T2n + 1 - 2C2), 
where X, = 1/22n-2. 
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In other words, the nodes {~~}~~r are the zeros of Tz,, + y where y = 1 - 2C2. Observe that 
IYI 5 1. 
Hence, by Proposition 1, we have 
and 
Aj = Bj = &, j = 1,2 ,...,?I 
(3.1) 
Thus, a one-parameter family of quadrature formulas with precision degree at least 2n - 1 has 
been obtained. Let us now check what happens when the extremal cases c = 0 and c = 111 are 
used. 
When we take c = 0, it results x~’ = yj”, j = 1,2,. . . , n and 
Therefore, we see that the nth Gauss-Chebyshev formula is included in such family (C = 0). 
For ICI = 1, only n + 1 nodes zj are distinct and these ones coincide with those points where 
T,(s) takes alternatively its maximum and minimum value; that is, 
Zj=COS G , 
( > 
j=O,l,..., 72, 
and (3.1) can be rewritten as 
i,{f}=&(j(-1)+i(1)) +;~~s(cos;). 
k=l 
Since &{f} has a precision degree equal or greater than 2n - 1, then I, {f} represents the 
Chebyshev-Lobatto formula. 
Finally, by taking C = l/d, then y = 0 and {~.j},“,, are now the zeros of Tz,(s) which 
implies that 
This means that for C = l/a, the 2 - n th Gauss-Chebyshev formula is obtained and the 
maximum precision degree (4n - 1) is reached. 
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